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Abstract
Weconsider bipartite systems as versatile probes for the estimation of transformations acting locally
on one of the subsystems.We investigate what resources are required for the probes to offer a
guaranteed level ofmetrological performance, when the latter is averaged over specific sets of local
transformations.We quantify such a performance via the average skew information (AvSk), a convex
quantity whichwe compute in closed form for bipartite states of arbitrary dimensions, andwhich is
shown to be strongly dependent on the degree of local purity of the probes. Our analysis contrasts and
complements the recent series of studies focused on theminimum, rather than the average,
performance of bipartite probes in local estimation tasks, whichwas instead determined by quantum
correlations other than entanglement.We provide explicit prescriptions to characterize themost
reliable statesmaximizing the AvSk, and elucidate the role of state purity, separability and correlations
in the classification of optimal probes. Our results can help in the identification of useful resources for
sensing, estimation and discrimination applications when complete knowledge of the interaction
mechanism realizing the local transformation is unavailable, and access to pure entangled probes is
technologically limited.
1. Introduction
Quantummetrology is one of themost promising branches of quantum technology and studies how to exploit
the laws of quantummechanics to improve the precision in the estimation or identification of some target
parameter characterizing a quantum systemof interest [1–5]. A typical estimation scenario involves three
distinct phases [3]: (i) a probe system is initialized in an input state; (ii) the probe interacts with the system that
encodes the parameter to be estimated; (iii) the output state of the probe ismeasured and comparedwith the
input state. From the comparison, if we know the physicalmechanism that governs the combined probe–target
dynamics (e.g. the interactionHamiltonian), we can deduce the value of the parameter. In general, the
measurement process is affected by statistical errors, whose origin can be extrinsic (e.g. environmental noise) or
intrinsic (e.g. Heisenberg uncertainty relations, input and output states being in general non-orthogonal and
hence not distinguishable with certainty).
To improve the precision of the estimation, several strategies can be adopted. First, we can optimize the
input state of the probe so that the probe–target interaction is able to imprint the highest possible amount of
information about the target parameter into the probe, i.e.the input and output states becomemost
distinguishable. In particular, theremight be states of the probe that are left unchanged by the interactionwith
themeasured system and are useless in this sense, sowe usuallywant to avoid them. Second, we can repeat the
measurement several times to enlarge our statistical ensemble of data and extract a sharper expectation value.
This can be realized by preparingmany copies of the probe andmaking them interact independently with the
system (parallel scheme), or bymaking the same probe interact repeatedly with the systembefore extracting the
information (sequential scheme). Third, we can exploit the presence of genuine quantum resources, such as
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and some ancillary system that is kept as a reference, to gain advantage over purely classical strategies. In
particular, it is well known that the presence of entanglement allows one to estimate a parameter encoded in a
unitary dynamics (e.g. a phase shift)with an error that scales as N1 with respect to the numberN of collected
measurements, while classical strategies can atmost achieve a scaling of N1 [3, 5].
In some specific cases of practical relevance, wemay not have a complete trusted knowledge of the probe–
target interactionmechanism and therefore wemay find it harder to optimize the input state of the probe in
order tomaximize the efficiency of the estimation. For example, we could imagine a situation inwhichwe
become aware of unwanted noise sources just beforewe retrieve the output state,meaning that the actual
transformation is different fromwhat we expectedwhenwe prepared the probe, which is then likely to be sub-
optimized. As another example, we could be asked to prepare a passe-partout probe state thatmust be good
whenever the interactionwith themeasured system is described by aHamiltonian picked at random from a
given ensemble, so that we have no interest in optimizing the probe for a particular element of the ensemble. It
turns out that in such and similar situations, that wemay describe as instances of ‘black-box’ quantum
metrology, the presence of correlations gives another fundamental advantage [6–10].While with a single probe
systemwe always run the risk of preparing the probe in a state which is left unmodified by some unlucky
interactionmechanismwith the target system, by exploiting correlations between the probe and an ancillary
systemkept as a referencewe can instead guarantee aminimumdetection efficiency.
It is then interesting to ask the following question: given a certainminimumefficiency thatwewant to
achieve in a black-box quantummetrology task, what resource shouldwe look for in our probe state? The
answer has been found in several recent works [6–10] and in short is: discord-type correlations. These are general
quantum correlations that encompass entanglement but also describe the nonclassical nature ofmost separable
states. They have been introduced for the first time in 2001 under the name of quantumdiscord [11, 12] and
have been the subject of extensive studies in the last decade [13]. In particular, it has been recently shown that
quantum correlations in a bipartite probe can be exploited to guarantee aminimumprecision in the estimation
of a local phase [7, 8] or aminimumprobability of detecting a remote object in a quantum illumination [9] or
quantum reading [10] scenario. Let us stress the following fact.While, as one could expect, puremaximally
entangled states of the probe-ancilla bipartite system are still the best option for the considered tasks,
entanglement is not a necessary resource in the black-box scenario. On the contrary, discord-type correlations
embody the fundamental feature that provides, guarantees and quantifies a quantumover classical advantage in
a vast class ofmetrology tasks (see also [14]). Therefore, one can also consider using ‘cheaper’ separable but
quantumly correlated states [15, 16] if the requiredminimumprecision is not too stringent, and in general if the
production of pure entangled states is hindered by technological limitations.
In this paperwe extend the above analysis a significant step further. As just discussed, the amount of discord-
type quantum correlations in the input state of the probe is all the information thatwe need in order to know
what theworst-case performancewill be and hence guarantees aminimumestimation efficiency. However two
states with the same amount of discord-type correlations are not fully equivalent resources from a general
metrological point of view. Indeed, although they are characterized by the sameminimumestimation efficiency,
one of the two states could be better on average and thus preferable over the other, as long as the information
about the system-target interaction remains partially unknown. For all practical purposes, truly versatile probes
for quantummetrology should then be able to offer acceptable performances on averagewhen employed for a
broad range of tasks. Therefore, other than investigating the resources involved in determining aworst-case
performance as done earlier, one should address a different key question: given a certain average efficiency that
wewant to achieve in a black-box quantummetrology task, what resource shouldwe look for in our probe state?
Here, we discuss this aspect in full detail andwe provide a comprehensive classification and characterization of
bipartite quantumprobe states in terms of their averagemetrological performance. Togetherwith previous
results [6–10], our analysis can have a direct impact on the concrete search for optimal and versatile probe states
useful for a plethora ofmetrological applications in realistic conditions.
To deliver a quantitative analysis, we focus here on the skew information r r= -( ) [[ ] ]I H H, Tr , 22 ,
which expresses the amount of information stored in a state ρ that cannot be accessed bymeasuring the
observableH, due to the noncommutativity between state and observable [17, 18]. The skew information is one
possible extension of the classical Fisher information to the quantumdomain, being part of a larger family of
Riemannian contractivemetrics on the quantum state space [19, 20]: therefore, it directly quantifies the
susceptibility of a probe state ρ to an infinitesimal change in a target parameter encoded in the observableH. If
the observable acts locally on one subsystemof a bipartite state, the skew information is bounded frombelow by
the amount of discord-type correlations in the state and itsminimumvalue can be used in fact as ameasure of
discord-type correlations, defined in [6] as the local quantumuncertainty (LQU). This quantity is closely related
to othermeasures, such as the interferometric power (IP) [7] and the discriminating strength (DS) [9], that have
a direct interpretation in terms ofmetrological tasks inworst-case scenarios. For example, the LQU coincides
with theDS for qubit systems and gives a lower bound to the IP in general. Therefore the LQU can be interpreted
2
New J. Phys. 18 (2016) 013049 A Farace et al
as aminimum susceptibility of a bipartite state to local transformations on one subsystem, thus being relevant
from a quantum estimation perspective.Moreover it is based on a simple functional, the skew information, that
is typically easy to compute and serves as a good starting point for our investigation.
For arbitrary states of a generic bipartite system,we compute here the average of the skew information over
specific classes of local observables acting on one subsystem. The resulting quantity, referred to as average skew
information (AvSk), quantifies therefore the average susceptibility of a bipartite state to local transformations.
Remarkably, such an average susceptibility can be expressed through a simple analytical expression, that clearly
showswhat is the role played by the properties of the observables and by the properties of the state in
determining the average performance. Thanks to this, we provide an extensive characterization of the AvSk and
of its features. In the specific case of a two-qubit system, where the LQU is also computable in closed form [6], we
then carry out a parallel study of our newquantity and of the LQU that allows us to identify which states of the
probe are better given different constraints. It turns out that the resources needed in the probe state to optimize
the averagemetrological performance are quite distinct from those (discord-type correlations)needed instead to
guarantee aminimumperformance.We alsofind that our AvSk is equivalent, up to a numerical prefactor, to
another quantity recently introduced by Luo and coworkers [21]which is similarly based on the skew
information but considers a different kind of averaging. This connection allows us to easily prove that the AvSk
can be adapted to define ameasure of correlations but not specifically of quantum (like the LQU) or classical
correlations. Furthermore, our analysis complements that of Luo et al by finding a nice closed analytic
expression and a clear operationalmeaning for theirmeasure. Finally, we also compute the variance of the skew
information to investigate what additional knowledge can be gained fromhighermoments of the statistics.
Themain content of the paper is structured as follows. In section 2we compute the average of the skew
information over an ensemble of local observables withfixed non-degenerate spectrum. In section 3we
enumerate and prove the basic properties of theAvSk. In section 4we discuss how theAvSk depends on the
choice of the spectrumof the local observable. In section 5we compute the AvSk for specific classes of states and
we derive some general bounds. In section 6wemake a detailed analysis of the two-qubit case, comparing the
AvSkwith the LQU (i.e. theminimum skew information). In section 7we also compute the variance of the skew
information andwe discuss what this refined statistics can tell us about the presence of quantum correlations. In
section 8we discuss the connection between our quantity and the one recently introduced by Luo et al [21], and
we provide additional comments on the role of correlations. Finally, in section 9we provide an explicit
interpretation of themain results of this paper from ametrological point of view.We present our concluding
remarks in section 10. Some technical derivations are deferred to appendices.
2. Average of the skew information over local observableswithfixed non-degenerate
spectrum
If ρ is a density operator on aHilbert spaceX andH is anHermitian operator onX , the skew information of ρ
with respect toH is defined as [17, 18]
r r= -( ) [[ ] ] ( )I H H, 1
2
Tr , 12
and expresses the amount of information stored in a state ρ that cannot be accessed bymeasuring the observable
H, due to the noncommutativity between state and observable. Note that in general it is always possible tofind an
observable rH which is diagonal in the eigenbasis of ρ and therefore can grant complete knowledge of the state,
i.e. r =r( )I H, 0. However, this is no longer true if wemake the additional assumption that observables act only
on a part of the global system.
It has been recently shown [6] that when r r= AB is a density operator of a bipartite systemdescribed by the
Hilbert space  = ÄAB A B and = ÄH HA B is a localHermitian operator acting only onA, the skew
information is bounded frombelow by the presence of general nonclassical correlations of the discord type [11–
13] in the state ρ. Quantumdiscord, as proposed in the original formulation [11, 12], measures the part of the
information stored in the correlations of a bipartite system AB that cannot be retrieved bymeasuring locally one
of the subsystems (sayA). These locally unaccessible correlations arise because a localmeasurement can perturb
the state of the systemby projecting it onto a particular local basis forA, losing some information in the process,
and the existence of an unperturbingmeasurement is not guaranteed. In the same spirit, taking theminimumof
the skew information over some ensemble of local observables of a bipartite system gives theminimum
incompatibility between the state ρ and the ensemble of observables, i.e. the amount of information that always
remains hidden under a certain family of localmeasurements. In particular, if one considers the set of all local
observables with afixed non-degenerate spectrum, one obtains the LQU introduced in [6]
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 r r= LL
L
( ) ( ( )) ( )
{ ( )}




which is in fact a good quantifier of discord-type correlations. In equation (2) theminimum is taken over a set of
local observables withfixed non-degenerate spectrum å lL = ñ á∣ ∣i iA i i A , where ñ{∣ }i A is an orthonormal basis
ofA and the liʼs are all different. This is necessary to ensure that the identity A is excluded from the
minimization set and the trivial case r =( )I , 0A is avoided (thismust hold also if considering any subspace of
A). That is, only observables of the form L = L( ) †H U UA A A A are considered, whereUA is any local unitary
transformation on subsystemA. As shown in [6], the LQU satisfies all the properties required to awell-behaved
measure of discord-type quantum correlations [22, 23]. In particular it is zero if and only if the original quantum
discord is zero and hence captures the same type of correlations.Moreover, the LQU is strongly connected to
othermeasures of quantum correlations, such as the IP [7] and theDS [9], that have a clear interpretation in a
metrological context. For example, the LQU coincides with theDS if the bipartite system ismade of two qubits,
and in this case itmeasures theminimumefficiency of a given bipartite state as a probe for a quantum
illumination task [24]where onemust decide if any transformation in a given set of isospectral local unitary
operations has been performed or not on the probe.
Here, instead of taking theminimumas in equation (2), we compute the average of the skew information
over the set ofHermitian operators L †U UA A A spanned by the unitary group onA. In light of the above
discussion, this quantity, whichwill be named simplyAvSk, can be interpreted as the average susceptibility of a
bipartite probe to local transformations and local parameters. TheAvSk can bewritten as an integral with
respect to theHaarmeasure of the unitary group m ( )Ud AH
 ò òr m r m r= L = - LL ( ) ( ) ( ) ( ) [[ ] ] ( )† †U I U U U U Ud ,
1
2
d Tr , . 3A A A A A A A AH H
2A
In choosing our notation, wemade explicit the fact that the AvSk depends only on the state and on the specific
choice of the spectrum. To compute the integral in equation (3)we start by rewriting equation (1) for the case of
a bipartite state r r= AB and a local observable = ÄH HA B as
r r r r r
r r r r
= -
= Ä - Ä¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
( ) [( )( ) ( )( )]
[ ( ) ] ( )∣
I H H H H H
H H H H S
, Tr
Tr , 4
A A A A A
AB A A A B AB A A B A AB A B
where following the procedure of [25]we introduced a copy  = Ä¢ ¢ ¢ ¢A B A B of the originalHilbert space
  = ÄAB A B and the swap operator ¢ ¢SAB A B acting on Ä ¢ ¢AB A B [26]. Using equation (4) and the
properties of the swap operator (see appendix A)we can now rewrite equation (3) as
 r r r r= Ä - Ä L Ä LL ¢ ¢ ¢ ¢ ¢ ¢ ¢( ) [( ) ( ) ] ( )( ) ∣STr , 5AB A B AB A B A A AB A B2A
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Inwriting equation (6)we introduced the dimensionNA of theHilbert spaceA. Plugging the last two lines of
equation (6) into equation (5), using again the properties of the swap operator, and evaluating the trace, we
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We stress that the analytic expressionequation (7) holds for any dimension of theHilbert spacesA andB.
3. Properties of the AvSk
Wediscuss now some properties of the AvSk  rL ( )A .
Property 1a—For anyfixed spectrum, the AvSk is non-negative. This is trivially true as the skew information
is non-negative and this is not changed by taking the average.
Property 1b—For anyfixed non-degenerate spectrum, theAvSk is zero if and only if the state is of the form







The proof of this is rather long and is postponed to section 5.
Property 2—TheAvSk is invariant under local unitary operations W V,A B. Indeed, consider the
transformation r r Ä Ä( ) ( )† †W V W VA B A B which alsomaps r into rÄ Ä( ) ( )†
†W V W VA B A B . Then, by
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